On the NP-completeness of the k-colorability problem for triangle-free graphs  by Maffray, Frédéric & Preissmann, Myriam
ELSEVIER Discrete Mathematics 162 (1996) 313 317 
DISCRETE 
MATHEMATICS 
On 
Note 
the NP-completeness of the k-colorability problem 
for triangle-free graphs 
Frederic Maffray a, Myriam Preissmann b'* 
"LSD2-IMAG, BP 53, 38041 Grenoble C~dex 9, France 
bARTEMIS-IMAG, BP 53, 38041 Grenoble C~dex 9, France 
Received 6March 1995 
Abstract 
We show that the question "Is a graph 3-colorable?" remains NP-complete when restricted 
to the class of triangle-free graphs with maximum degree 4. Likewise the question "Is a 
triangle-free graph k-colorable?" is shown to be NP-complete for any fixed value of k >/4. 
Keywords: Graph theory; Computational complexity 
A k-coloring of a graph G with vertex-set V is a mapping c: V ---, {1, ... ,  k} such that 
c(x) ~ c(y) holds for every edge xy of G. Karp [7] proved that determining whether 
a graph admits a k-coloring is NP-complete whenever k >~ 3. Actually, the question 
"Is G a 3-colorable graph" remains NP-complete under several restrictions. Garey 
and Johnson [.4] proved: 
Theorem 1 (Garey and Johnson [.4]). GRAPH 3-COLORAB1LITY is NP-complete even 
when restricted to planar graphs with maximum degree four. 
This theorem is not given explicitly but can be obtained by successively using the 
transformations given in Theorems 4.2 and 4.1 in [.4]. Note that the theorem is best of 
its type in the sense that every connected graph with maximum degree three is 
3-colorable, except for the complete graph with four vertices; this is by Brooks' 
Theorem [1]. 
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We would like to consider the question of k-coloring triangle-flee graphs. This 
question arose in another context (see [9]). Combining two results from [8] it can be 
derived that TRIANGLE-FREEGRAPH k-COLORABILITY is NP-complete for each fixed k >1 3. 
Here we prove the following. 
Theorem 2. GRAPI4 3-COLORABILITY remains N P-complete when restricted to the class of 
triangle-free 9raphs with maximum degree four. 
Likewise, 
Theorem 3. For each k ~> 3, cRaPn k-COLORABILITY remains NP-complete amon9 tri- 
angle-free graphs where the maximum degree is bounded by a function of k. 
Let us remark that we cannot add the planarity condition in these theorems, 
because very triangle-free planar graph is 3-colorable [5, 6]. 
Proof of Theorem 2. The problem is clearly in NP as the general 3-colorability 
problem is. To prove NP-completeness, by Theorem 1, it suffices to show that every 
instance of the 3-colorability problem consisting of a graph G with maximum degree 
four can be polynomially reduced to an instance of the 3-colorability problem 
consisting of a triangle-flee graph G' with maximum degree four in such a way that 
G is 3-colorable if and only if G' is. 
So let G be any graph with maximum degree four. If G contains an induced 4-clique 
then obviously G is not 3-colorable and we let G' be a fixed 4-chromatic triangle-flee 
graph with maximum degree 4 (for example, the twelve-vertex graph in [2]). Notice 
that in this case the complexity of the reduction is that of testing whether G contains 
a 4-clique, which is obviously polynomial in the order of G. From now on we assume 
that G contains no induced 4-clique. 
Consider the following eleven-vertex graph Ho. Start with five vertices al . . . .  , a5 
with edges ala2, a2a3, a3a4, a4a5, asal. Add five vertices bl, ..., b5 and connect each bi 
to the aj's adjacent to ai. Add a vertex c and edges cb2, cb3, cb4, cbs. (Observe that Ho 
plus the edge Cbl is the well-known 4-chromatic Mycielski graph [3, 10]). It is easy to 
check that Ho is triangle-free and 3-chromatic. Moreover, in every 3-coloring of Ho 
the vertices bl, b3 and b4 have three different colours. Indeed, consider any 3-coloring 
of rio. Since the Mycielski graph Ho + cbl is not 3-colorable, c and bx must share the 
same color, say color 1. So the two neighbors a2 and a5 ofbx have different colors, say 
color 2 and 3, respectively, and consequently b4 and b3 have colors 3 and 2, 
respectively. 
Now we build a graph H by adding to Ho a vertex d and edges db3 and db4. In H the 
vertices d and bl have degree two and all other vertices have degree three or four. The 
two vertices d and bl will be called the tips of H. It results from the preceding 
discussion that H is a triangle-flee 3-chromatic graph and that the two tips have the 
same color in every 3-coloring of H. 
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We obtain a triangle-flee graph G' with maximum degree four by successively 
transforming G as follows. Enumerate the vertices of G as vl, v:, ..., v,. Set Go = G. 
For each i = 1, .. . ,n, if the neighborhood N(vi) of vi in Gi-1 has no edge or is 
isomorphic to KI.3 then set G~ = Gi-1, else let Gi be a graph obtained by: 
(i) Partitioning the vertices of N(@ into two stable sets $1 (@, S2(v~) of cardinality 
at most 2; 
(ii) Removing vi, adding a copy H(v~) of H, connecting one tip of H(vi) to the 
vertices of $1 (v~) and the other tip of H(v~) to the vertices of S2(v~). 
Since any graph with at most four vertices, with no triangle and not isomorphic to 
a K 1.3 can be partitioned into two stable sets of size at most two, Step (i) can always be 
done under the assumptions. 
Now let G' = G,. It follows from this construction and the definition of H that G' 
has maximum degree four. It is clear that the construction of G' is polynomial in the 
size and order of G. Furthermore, observe that after Step (ii) has been performed, all 
triangles containing v~ are destroyed and no new triangle is created. So if G' contained 
a triangle xyz it could only be the case that all three vertices x, y, z are such that their 
neighborhoods in G are isomorphic to KI,3 - -  but this condition is intrinsically 
impossible in a graph with maximum degree four. So G' is triangle-free. 
There remains to be checked that G is 3-colorable if and only if G' is. First suppose 
that G' is 3-colored. For each vertex v of G that has been replaced by a copy H(v) of H, 
it must be that the two tips of H(v) have the same color. Assign this colour to v in G. 
Now it is clear that we have obtained a proper 3-coloring of the vertices of G. Second, 
suppose that G is 3-colored. For each vertex v of G that has been replaced in G' by 
a copy H(v) of H, color the vertices of H(v) with the three colors in such a way that the 
color assigned to the tips of H(v) is the color of v in G. Again it is clear that we obtain 
a proper 3-coloring of G'. 
So we have obtained a polynomial reduction of GRAPH 3-COLORAB1LITV WITH MAX- 
IMUM DEGREE FOUR to TRIANGLE-FREE GRAPH 3-COLORABILITY WITH MAXIMUM DEGREE 
FOUR, and the theorem is proved. [] 
Proof of Theorem 3. The proof of this theorem works along the same lines as for the 
preceding theorem. First we will reduce GRAPH k-COLORABILITY to BOUNDED DEGREE 
CRAPH k-COLORABILITV and then to triangle-free graphs. 
For the first step, consider a gadget with two (k - 2)-cliques A and B and six other 
vertices x, y, z, t, u, v. Add all edges between each vertex of A and x, y, z, t; add all 
edges between each vertex of B and y, z, u, v; add edges xy, yz, zu, uv, tu. Observe that 
in any k-coloring of this gadget he vertices x, z, t, v must have the same color. Now for 
any integer d build a super-gadget by taking d - 2 copies of this gadget and identify- 
ing the v-vertex of the ith gadget with the x-vertex of the (i + 1)th gadget. The 
t-vertices in each gadget, plus the x vertex in the first and the v vertex in the (d - 2)th, 
will be called the exits. In every k-coloring of this super-gadget, the d exits must have 
the same color. Now for any instance G of the GRAPH k-COLORAmLITY problem, replace 
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each vertex s of G of degree d(s) by a super-gadget with d(s) exits and connect each of 
the d(s) neighbors  to one different exit. It is easy to check (as in the proof of Theorem 
4.1 in [4]) that G is k-colorable if and only if the new graph is. It is not difficult to see 
that in the new graph the maximum degree is 2k -  2. So we have a polynomial 
reduction from GRAPH k-COLORABILITY to k-COLORABILITY OF GRAPHS WITH MAXIMUM 
DEGREE 2k - 2. 
Recall that the kth Mycielski graph Mk is defined as follows. Let M2 be the 2-clique. 
For k ~> 3, Mk is obtained by taking a copy of Mk- 1, adding for each vertex v of Mk- 1 
a new "shadow" vertex v' and for each edge vu of Mk-1 a new edge v'u, and adding 
a final vertex w and an edge wv' for each shadow vertex. It is not difficult to check that 
Mk is a triangle-free k-chromatic graph. (Indeed if there existed a (k - 1)-coloring of 
Mk then, in the copy of Mk- 1, assigning to any vertex v having the same color as w the 
color of its shadow v' would result in a (k - 2)-coloring of Mk- 1.) Moreover, Mk is 
edge-critical, i.e., removing any edge yields a k - 1-colorable graph. 
Given an integer d, build a graph Hd from Mk + 1 by removing an arbitrary edge xy 
and duplicating the vertex y d - 2 times (i.e., create d - 2 new vertices Y2, -.., Yd-1 
and connect each of them to the neighbors o fy  in Mk+l -- xy). Call y, Y2 . . . .  ,Yd- 1, X 
the tips of Hal. It is clear from the construction that Ha is triangle-free, k-chromatic, 
and that in every k-coloring of Hd the tips all have the same color (or else a k-coloring 
of Mk+ ~ could be derived). In Hd the maximum degree is at most 3- 2 k- 1 + d. 
Now consider an instance G of the k-COLORABILITY OF GRAPHS WITH MAXIMUM DEGREE 
2k -- 2 problem. We want to build a triangle-free graph G', with bounded egree, that 
is k-colorable if and only if G is k-colorable. Given a vertex v of G, replace v by a copy 
H(v) of Hal, where d is the degree of v in G, and connect each tip of H(v) to a different 
neighbor of v in G. Repeat his for every vertex v of G. The resulting raph is called G'. 
Now it can be argued, like in the proof of the preceding theorem, that G' is k-colorable 
if and only if G is k-colorable. It is clear that the size and order of G' are polynomial in 
the size and order of G. Finally, it is not difficult to check that G' is triangle-free and 
that its maximum degree is 3.2 k- 1 + 2k - 2. So we have a polynomial reduction of 
GRAPH k-COLORABILITY to TRIANGLE-FREE GRAPH k-COLORING WITH BOUNDED DEGREE, and 
Theorem 3 follows from Theorem 1. [] 
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